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Abstract 

The (abstract) Cuntz algebra On is generated by non-unitary isome- 
tries and has therefore no intrinsic finiteness properties. To approximate 
the elements of the Cuntz algebra by finite-dimensional objects, we thus 
consider a spatial discretization of On by the finite sections method. For 
we represent the Cuntz algebra as a (concrete) algebra of operators on 
and associate with each operator A in this algebra the sequence 
(PnAPn) of its finite sections. The goal of this paper is to examine the 
structure of the C*-algebra S{On) which is generated by all sequences of 
this form. Our main results are the fractality of a suitable restriction of 
the algebra S{On) and a necessary and sufficient criterion for the stability 
of sequences in the restricted algebra. These results are employed to study 
spectral and pseudospectral approximations of elements of Otv- 

1 Introduction 

Several classes of C*-algebras are distinguished by intrinsic finiteness properties. 
These properties can be used in principle to approximate the elements of the 
algebra by finite-dimensional (or discrete) objects and, thus, to discretize the 
algebra. Good candidates for a discretization in that sense are AF-algebras and 
quasidiagonal algebras. N. Brown [5] has pointed out that the discretization 
procedure works particularly well for irrational rotation algebras in which case 
the discrete approximations can not only be constructed effectively but also own 
excellent convergence properties (for example, the sequence of the approximations 
is fractal in a sense which will be explained below). 

At the other end of the scale there are C*-algebras of infinite type which 
resist any intrinsic discretization. This fact justifies to consider another kind of 
approximation of the elements of a Cuntz algebra by finite rank operators, which 
we call spatial approximation and which is based on the finite sections method. 
Spatial approximation requires to represent the algebra *-isomorphically as a 
concrete C*-algebra of operators on an infinite dimensional Hilbert space H. All 
concrete algebras considered in this paper will be separable; so we can assume 
that H is separable and, thus, isomorphic to the Hilbert space /^(Z"*") of all 
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sequences (xr!,)„>o of complex numbers such that 

||(x„)f := < oo. 

n>0 

The sequences 

e, := (0, 0, 1, 0, 0, ...) 

with the 1 standing at the ith position form a basis of /^(Z"*") to which we refer 
as the standard basis. For n a positive integer, let P„ denote the operator 

Pn : /^(Z+) 1^(1'^), {Xk)k>0 ^ {Xo, Xi, Xn-l, 0, 0, . . .), 

and set Pq := 0. Thus, P„ is the orthogonal projection of /^(Z+) onto the span 
of the first n elements of the standard basis. 

For the finite sections method for a bounded linear operator A on /^(Z"^), one 
replaces the equation Au = / on /^(Z+) by the sequence of the equations 

PnAPr^Un = Pnf, n = 1, 2, 3, . . . (1) 

the solutions Un of which are sought in imP„. The sequence (P„ylP„) is called 
the sequence of the finite sections of A. This sequence is said to be stable if there 
is an no such that the operators P„y4P„ : im P„ — im P„ are invertible for n > no 
and if their inverses are uniformly bounded. If the sequence (P„AP„) is stable, 
then the operator A is invertible, the equations ([1]) possess unique solutions u„ for 
all n > Uo and for all right hand sides / G /^(Z"*"), and these solutions converge 
to the solution u of the equation Au = f. 

Let ^ be a (for a moment not necessarily separable) C*-subalgebra of the 
algebra L(J?{1j^)) of all bounded linear operators on /^(Z"*"). We associate with 
each operator A in ^4 the sequence (P„y4P„) of its finite sections and consider 
the C*-algebra S{A) generated by this sequence. Spatial discretization of the 
concrete algebra A means to study the associated algebra S{A) of sequences. 
(To be precise: we are only interested in asymptotic properties of the sequences 
in S{A) which are encoded in the quotient algebra of S{A) modulo sequences 
tending to zero in the norm. It is this quotient algebra we are really interested 
in.) 

Algebras of infinite type typically contain non-unitary isometries. The per- 
haps simplest example, the universal algebra generated by one isometry, is *- 
isomorphic to the smallest closed *-subalgebra T{C) of L(/^(Z+)) which contains 
the operator 

V : ^ /'(Z+), (xfc)fe>o ^ (0, xo, xi, . . .) 

of forward shift. This is the contents of a theorem by Coburn [B]. The algebra 
T{C) is also known as the Toeplitz algebra, since each of its elements is of the form 
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T(c) + K where T(c) is a Toephtz operator with continuous generating function 
c and is a compact operator. The structure of the associated algebra S{T{C)) 
(factored by the zero sequences) and, thus, the stabihty of the finite sections 
method for operators in T{C) are fairly well understood. For a detailed account 
on the finite sections method for Toeplitz operators, presented in an algebraic 
language, see [3] and Section 1.4 in [9]. 

The aim of the present paper is to go one step further and to examine the 
spatial discretization of algebras which are generated by a finite number of non- 
commuting non-unitary isometrics, namely the Cuntz algebras. Recall that an 
isometry is an element s of a unital *-algebra for which s*s is the identity element. 

Let N > 2. The Cuntz algebra is the universal C*-algebra generated by 

isometrics 5*0, . . . , S^^i with the property that 

SqSq + . . . + Sn-iS%_i = I. (2) 

Cuntz algebras cannot be obtained as inductive limits of type I C*-algebras. 
In particular, they cannot be approximated by finite dimensional algebras in the 
sense of AF-algebras. (For these and other facts, consult Cuntz' pioneering paper 
[Tj. A nice introduction is also in [8].) The importance of Cuntz algebras in theory 
and applications cannot be overestimated. Let me only mention Kirchberg's deep 
result that a separable C*-algebra is exact if and only if it embeds in the Cuntz 
algebra O2, and the role that representations of Cuntz algebras play in wavelet 
theory and signal processing (see [B H] and the references therein). 

To discretize the Cuntz algebra On by the finite sections method, we have to 
represent this algebra as a C*-subalgebra of L(/^(Z"'")). Since Cuntz algebras are 
simple, every C*-algebra which is generated by isometrics 5*0, . . . , Sn-i which 
fulfill ([2]) is *-isomorphic to O^. Thus, is *-isomorphically to the smallest 
C*-subalgebra of L(/^(Z+)) which contains the operators 

Si : ixk)k>o ^ {yk)k>o with yk := | q'' ^^^^^ ^ ^ (3) 

for i = 0, . . . , A^ — 1. We denote the (concrete) Cuntz algebra generated by the 
operators Si in ([3]) also by Oat. It is this concrete Cuntz algebra for which we will 
examine the sequence algebra S{Oiy) (modulo zero sequences) in what follows. 
One should mention at this point that the abstract Cuntz algebra On has an 
uncountable set of equivalence classes of irreducible representations. Represen- 
tations of On different from ([3]) will certainly lead to different algebras S{On)- 
The relations between these algebras are not yet clearly understood. 

The paper is organized as follows. In Section [2] we collect some basic facts 
from numerical analysis, centered around the notions of stability and fractality. 
In Section [3] we examine the full algebra of the finite sections method for On- 
We show that this algebra fails to be fractal. This observation suggests to pass 
to a restricted algebra of finite sections sequences, and it is in fact this restricted 
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algebra which will be studied in what follows. In Section H] we divide the stability 
problem into an invertibility problem in a certain quotient algebra of S{On) and a 
lifting problem for an ideal of S{On)- The first of these problems is also solved in 
Section m whereas the solution of the lifting problem is subject of Section [6l The 
treatment of the lifting problem is prepared by Section [5] where we consider an 
algebra of stratified Toeplitz operators related to the Cuntz algebra and examine 
its structure. As already mentioned, in Section [6] we finish the proof of our 
stability result. These results are then applied to examine spectral approximation 
and Fredholm properties of sequences in (the restriction of) S{On)- We will see 
that a sequence in this algebra is Fredholm if and only if it is stable, which has 
remarkable consequences for the asymptotic behavior of the singular values of 
the nth approximant when n tends to infinity. 

Coburn's already mentioned result suggests to consider the Toeplitz algebra 
as the Cuntz algebra Oi. But one should have in mind that the main properties of 
Oi and of On for > 1 are completely different from each other. For example, 
the compact operators A'(/^(Z'^)) form a closed ideal of Oi, and the quotient 
Oi/ KipiTj^)) is isomorphic to C(T), whereas On is simple if A^ > 2. These 
differences continue to the corresponding sequence algebras S{Oi) and S{0]si) 
for A^ > 1. A main point is that S{Oi) contains an ideal which is constituted 
of two exemplars of the ideal K{l'^{Z~^)), and the irreducible representations, Wi 
and W2 say, of S{Oi) which come from this ideal are sufficient in the sense that 
a sequence A = (A„) in S{Oi) is stable if and only if Vri(A) and 14^2 (A) are 
invertible. It turns out that this fact implies an effective criterion to check the 
stability of a sequence in S{Oi). In contrast to this, if A^ > 1, then S^On) has 
only one non-trivial ideal. We will construct an injective representation of this 
ideal, and will then observe that this representation extends to a representation, 
W say, of S{On) which is injective on all of S{On)- Thus, roughly speaking, 
our stability result will say that a sequence A in S{On) is stable if and only if 
the operator iy(A) is invertible. At the first glance, this result might seem to 
be useless since the stability of A is not easier to check than the invertibility of 
W{A). So why this effort, if many canonical homomorphisms on S{On) own 
the same property as W: the identical mapping and the faithful representation 
via the GNS-construction, for example. What is important is the concrete form 
of the mapping W constructed below: it is defined by means of strong limits 
of operator sequences, and this special form implies an immediate proof of the 
fractality of the (restricted) algebra S{On)- 
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2 Preliminaries from numerical analysis 



2.1 Algebras of matrix sequences 

Let T denote the set of all bounded sequences A = of matrices An G C"^". 
Equipped with the operations 

+ := {An + Bn), [An)[,Bn) := [AnBn). {AnY := [AD 
and the norm 

||A||^ := 

the set T becomes a C*-algebra, and the set Q of all sequences G T with 
lim ||A„|| = forms a closed ideal of T . The relevance of the algebra T and its 
ideal Q in our context stems from the fact (following from a simple Neumann 
series argument) that a sequence (A^) G is stable if, and only if, the coset 
(y4„) +^ is invertible in the quotient algebra T jQ . Thus, every stability problem 
is equivalent to an invertibility problem in a suitably chosen C*-algebra. 

Let further stand T'^ for the set of all sequences A = of operators y4„ : 
imP„ — imP„ with the property that the sequences (A^P^) and (y4*P„) converge 
strongly. By the uniform boundedness principle, the quantity sup ||yl„P„|| is finite 
for every sequence A in T'" . This, if we identify each operator An on imP„ with 
its matrix representation with respect to the basis Cq, . . . , e„_i of imP„, we can 
consider T'" as a closed and symmetric subalgebra of T which contains Q as its 
ideal. Note that the mapping 

ly :^^-.L(/2(Z+)), ^s-limA„P„ (4) 

is a *-homomorphism. 

2.2 Discretization of concrete algebras 

Let ^ be a (not necessarily separable) C*-subalgebra of the algebra L(Z^(Z+)). 
We write D for the mapping of spatial (= finite sections) discretization, i.e., 

D:L(/2(Z+))^^, A^{PnAPn). (5) 

and we let S[^A) stand for the smallest closed C*-subalgebra of the algebra T 
which contains all sequences -D(A) with A G Clearly, S{^A) lies even in JF*^, 
and the mapping in (jl]) induces a *-homomorphism from S[^A) onto A. On 
this level, one cannot say much about algebra Si^A). The little one can say will 
follow easily from the following simple facts. 

Proposition 2.1 Let A and B he C*-algebras, D : A ^ B a linear contraction, 
and W : B ^ A a C* -homomorphism such that W{D{A)) = A for every A & A. 
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Then 

(a) D is an isometry, D{A) is a closed linear subspace of B, and algD{A), the 
smallest closed C* -suhalgehra of B which contains D{A), splits into the direct 
sum 

slgD{A) = D {A) © (ker n alg D {A) ) . (6) 
Moreover, for every A E A, 

\\D{A)\\= mm \\D{A) + K\\. (7) 

A ekcr W 

{h) If B = aAgD{A), then kerW coincides with the quasicommutator ideal of 
B, i.e., with the smallest closed ideal of B which contains all quasicommutators 
D{Ai)D{A2) - D{AxA2) with A, A^ e A. 

Proof, (a) Let Ae A. The inequality 

\\A\\ = \\W{D{A))\\<mA)\\<\\A\\ 

shows that D is an isometry; hence, Di^A) is a closed subspace of B. Let B G 
D{A) n kerVT. Write B = D{A) with A e A. From W{B) = we get A = 
W{D{A)) = W{B) = 0, whence B = 0. Thus, D{A)nkeTW = {0}. 

Let B e algD{A). Then W{B - D{W{B))) = W{B) - W{B) = 0, hence 

B = D{W{B)) + {B- D{W{B)) G D{A) + ker W, 

whence a.\gD{A) = D{A) + (kerW n algD{A)). This proves (E]). To check (CD, 
let A G ^ and K G ker W. Then 



\\A\\ = \\W{D{A) + K)\\< \\D{A) + K\\ 

which implies that < ||-D(A) + K\\ since D is an isometry. 

(b) Since W is a. homomorphism and W o D is the identity on A, one has 
D{Ai)D{A2) - D{AiA2) G kerW for all Ai, A2 G A. Thus, keiW contains 
the quasicommutator ideal. For the reverse inclusion, let K G ker W and n a 
positive integer. Since K G algD^A), there are sums of products 

Kn = J2U^(4^) ^ith A^eA 
such that II A' — Kn\\ < 1/n. Clearly, each Kn can be written as 

with an element Qn in the quasicommutator ideal. From 

\\K-QJ<\\K-KJ + \\D{Y^I[A^;'>)\\ 
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and 

II^EHA^?)!! ^ IIEHA?!! = \\w{K^)\\ = ||i^(A'„-i^)|| < 

we conclude that HJiT — Qnll < 2|| Ji" — Jir„|| <l/n. Thus, K can be approximated 
as closely as desired by elements in the quasicommutator ideal. Since the quasi- 
commutator ideal is closed, the assertion follows. ■ 

We apply the preceding proposition in the following context: 

• ^ is a C*-subalgebra of L(/^(Z+)), 

• B = S{A), 

• D is the restriction of the discretization to A, and 

• W is the restriction of the homomorphism (j4]) to S{A). 
Then Proposition 12.11 specializes to the following. 

Proposition 2.2 Let A be aC* -suhalgehra o/L(/^(Z^)). Then the finite sections 
discretization D : A ^ is an isometry, and D{A) is a closed subspace of S{A). 
The algebra S{A) splits into the direct sum 

S{A) = D{A) © (ker W n S{A)), 

and one has 

\\DiA)\\= imn \\DiA) + K\\ 

A eker W 

for every operator A ^ A. Finally, keiW fl S{A) is equal to the quasicommu- 
tator ideal of S{A), i.e., to the smallest closed ideal of S{A) which contains all 
sequences {PnAiPnA2Pn — PnAiA2Pn) with operators Ai, A2 E A. 

We denote the ideal ker fl S{A) of S{A) by J' (A). Since the first item in the 
decomposition D{A) © J^{A) of S{A) is isomorphic (as a linear space) to A, a 
main part of the description of the algebra S{A) is to identify the ideal J' (A). 

Remark 2.3 Blackadar and Kirchberg gave an abstract characterization of C*- 
subalgebras of J-'/Q as generalized inductive limits of finite-dimensional algebras, 
which they call MF-algebras (see the last sections of Blackadar 's monograph [1]). 
In this sense, the ideal J^{A) and its image Jl{A)/G in J^/Q can be considered 
as a measure for the deviation of an algebra from being an MF-algebra. For 
example, for the Toeplitz algebra A = T{C) which is generated by one non- 
unitary isometry, one knows that J{A)/Q is *-isomorphic to the ideal K{P{Z'^)) 
of the compact operators. 

Note that since S{A)/J^{A) is canonically *-isomorphic to A, the above con- 
struction implies a simple proof of the (well-known) fact that every C*-subalgebra 
of L(/^(Z+)) is *-isomorphic to a quotient of an MF-algebra. ■ 
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2.3 Fractal algebras of matrix sequences 

The mapping which associates with every subalgebra A of L(/^(Z"*")) the sequence 
algebra S{A) does not mind the individual properties of A. If A is separable, 
this fact can be compensated to some extent by passing to a fractal restriction 
of S{A), which is defined as follows. 

Let ?7 : N ^ N be a strongly monotonically increasing sequence. By JF^ we 
mean the set of all subsequences (v4^(„)) of sequences {A^) in J^. As in Section 
12.11 J^fj can be made to a C*-algebra in a natural way. The *-homomorphism 

is called the restriction of T onto T^- It maps the ideal ^ of JF onto a closed 
ideal of JF^. For every subset S of T , we abbreviate i?^iS by 5^. 

Let iS be a C*-subalgebra of T . A *-homomorphism W from S into a C*- 
algebra B is called fractal if, for every strongly monotonically increasing sequence 
r] : N ^ N, there is a mapping Wrj : Sj^ ^ B such that W = Wr^Rr^\s. A 
C*-subalgebra 5 of JF is called fractal, if the canonical homomorphism 

is fractal. 

Thus, if 5 is a fractal algebra, then every sequence in S can be uniquely 
rediscovered from each of its (infinite) subsequences up to a sequence tending to 
zero. In that sense, the essential information on a sequence in S is already stored 
in each of its subsequences. These algebras were called fractal in [15] in order to 
emphasize exactly this self-similarity aspect. 

If ^ is a C*-subalgebra of //(/^(Z"*")) and 77 : N ^ N a strongly monotonically 
increasing sequence, then we denote the restriction Rfj{S{A)) of the associated 
sequence algebra by Sr^{A). The following was proved in [12]. 

Theorem 2.4 Let A be a separable C* -subalgebra of L{P{'Ij~^)) . Then there ex- 
ists a strongly monotonically increasing sequence 77 : N — N such that the re- 
stricted algebra Sj^{A) is fractal. 

Since the sequence 77 depends on A, the fractal restrictions Sr^{A) of S{A) will 
reflect the structure of .4 in a much higher extent than the full algebra S{A) of 
the finite sections discretization. 

One should mention that there are further good reasons to be interested in 
fractal algebras. One of them is that sequences in fractal algebras exhibit an 
excellent asymptotic behavior. For example, if {An) is a sequence in a fractal 
algebra, then several important spectral quantities of the An (e.g., the set of the 
singular values, the pseudospectrum, the numerical range) converge with respect 
to the Hausdorff metric as n tends to infinity (see Chapter 3 in [S] and Section 
16.41 below). Another reason came up in [13] where we observed that the property 
of fractality determines the ideal structure of the algebra to a large extent. 
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3 The full algebra S{On) 



3.1 The full algebra of the finite sections method for op- 
erators in 0]y 

In accordance with the above notations, let S{On) denote the smallest closed 
subalgebra of JF which contains all sequences (P„y4P„) with A in the concrete 
Cuntz algebra On- Since (P„AP„)* = (P„A*P„), S{On) is a C*-algebra. The 
isometrics Si are defined as in (I3j). We further abbreviate := {0, 1, . . . , A^ — 1}. 

Lemma 3.1 S{Oisi) is the smallest C* -suhalgehra of T which contains all se- 
quences (PnSjPn) with j E fl. 

Proof. For a moment, let S' denote the smallest closed and symmetric subalgebra 
of JF which contains all sequences (PnSjPn) with j G fl. Evidently, S' C S{On). 
For the reverse inclusion, note first that 

S*Sj = whenever i ^ j. (8) 

Indeed, this follows for the operators by straightforward calculation, but it 
also follows easily from the Cuntz axiom (j2]): Multiply ([2]) from the left by S* 
and from the right by Sj and take into account that a sum of positive elements 
in a C*-algebra is zero if and only if each of the elements is zero. 

From (IHl) we conclude that every finite word with letters in the alphabet 
{Si, . . . , Sn, si, . . . , S^} is of the form 

s,,Si,...s,^sis*^...s; with is,jten (9) 

(Lemma 1.3 in [7]). Further one easily checks that 

PnSj = Pr,S,Pn and S* P^ = PnS* Pn (10) 

for every j E Q and every n E N. Thus, if A is any word of the form then 

Pn-^Pn PnSi^Pn ' PnSi2Pn • • • PuSif^P-n ' PnS j-^Pn ' PnS j^Pn ■ ■ ■ PnS j^Pn E S . 

Since the set of all linear combinations of the words is dense in On, it follows 
that S{On) C S'. u 

Recall that an element S* of a C*-algebra is called a partial isometry if SS*S = S. 
If S* is a partial isometry, then SS* and S*S are projections (i.e., self-adjoint idem- 
potents), called the range projection and the initial projection of S, respectively. 
Conversely, if S*S (or SS*) is a projection for an element S, then 5* is a partial 
isometry. Recall also that projections P and Q are called orthogonal if PQ = 0. 
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Lemma 3.2 Every sequence (PnSiPn), i & Vt, is a partial isometry in T , and 
the corresponding range projections are orthogonal if i ^ j . Moreover, 

PnS*PnS,Pn = Q ifl^J, (11) 

and 

PuSoPuS^Pn + . . . + PnS N ~lPnS*i^ _iPn = P-n- (12) 

Proof. The identities ( fTOj) imply that 

PnSiSj^ Pn = PnSiPnSj^ Pn (13) 

for every 2 G and every n G Z"*". The operators 5*1 5** are projections, and their 
matrices with respect to the standard basis of /^(Z"*") are of diagonal form. Hence, 
the projections SiS* and P„ commute, which implies that the left-hand side of 
(fT3l) is a projection. Hence, (PnSiPn) is a partial isometry in J^, and {PnSiS*Pn) 
is the associated range projection. 

Let i ^ j he in Q. The fact that the P„ and the SiS* commute further implies 
together with ([8]) that 

{PnSiS^ Pn){PnSjSj Pn) = P-aSiS^ SjSj Pn = 0. 

Multiplying PnSiS*PnSjS*Pn = from the left by P„5*P„ and from the right by 
PnSjPn yields ffTTl) . Finally, f|T2|) follows by summing up the equalities f lTT]) over 
i G f2 and from axiom ([2]). ■ 

Thus, the generating sequences (Pn^jP/v), i E Q, are still subject of the Cuntz 
axiom ([2]), but note they are partial isometries only and no longer isometries 
(which is not a surprise since the algebra JF, being a product of finite dimensional 
algebras, cannot contain non-unitary isometries). 

The first assertion of the preceding lemma holds more generally. 

Lemma 3.3 Let i = [ii, 12, . . . , ik) G Q^. Every product 

i^PnSiiPnSi2Pn ■ ■ ■ PnSif^Pri) 

is a partial isometry in T . 
Indeed, from ffTOl) we conclude that 

pc cc* Q*P PQP P P P P P P 

J^n^ii ■ ■ ■ *-'jfe'--'jj. • • • '-'ix " n'^ii-' n • • • n*Ji(; n-' n'Jjj, n • • • i-^J^ n- 

Since Si^ . . . Si^ S*^ . . . S*_^ is a projection of diagonal form, the assertion follows as 
in Lemma [3.21 ■ 
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3.2 Initial projections 

For i = {ii, i2, . . . , ik) G fi'^, abbreviate Si := Si^^Si^ ■ ■ ■ Si^. By Lemma 13.31 the 
sequence 

(^PnSiPn) {^PnS i^PnS i2Pn • • • PnSij,Pn) 

is a partial isometry. We are going to determine its initial projection. The result 
will indicate that it is more natural to consider a certain restriction of the finite 
sections algebra S{0]^) rather than the full algebra S{Om)- 

For every real number x, let {x} denote the smallest integer which is greater 
than or equal to x. 

Proposition 3.4 Fori = (zi, ^2, • • • , ik) G fi'^, set Vi^k '■= ii + i2N + . . . + ikN^~'^ . 
Then 

PnS*SiPn = P{(„_„,_^)/Arfe}. (14) 

Proof. It follows from the definition of Si that there are numbers Vi^k and dk 
such that 

Si = Si-^ . . . Si^. : {xk)k>o ^ 

( p, ■ - , 0^ xo, 0, . , 0^ xi, 0, . , 0^ X2, ...). 

^i,k dk dk 

The initial values 

'^ih),! = h and di = N — 1 
together with the recursions 

^1 + ^^(i2,...,ifc+i),fc ■ ^ = ^(n,...,ife+i),fc+i and - 1 + 4 ■ iV = 4_i 
imply via induction that 

Vij^ = + + ... + ikN^~^ and dk = - 1. (15) 
It follows that the jth component of S* applied to x = {xk)k>o is 

{S*x)j = Xy.^^+j(^dk+l) = ^Vi^k+jN'^- 

Consequently, 

Pr,S*PnS,Pn = P, if v,^k + {j-l)N'' <n<v,,k+3N\ 
whence j = {{n — Vi^k)/N^}- ■ 
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3.3 The need of restrictions 



We specialize the result of Proposition 13.41 to the case k = 1 and consider two 
examples. If n = jN is a multiple of A^, then the initial projections of PnSiPn 
are independent of i. Indeed, from 

{{n - 2)/iV} = {(jiV - %)IN} = {j - t/N} = J 

we obtain 

PjNS*PjNSiPjN = Pj for all i G n. (16) 
On the other hand, one has 

pc* pep pc*pcp_J -^i+i ~ Pj if — + 1) /I y\ 

Thus, the sequence 

{PnSQPnSoPn — PnSlPnSlPn)n>l (18) 

possesses both a subsequence consisting of zeros only (take ri{n) := nN) and a 
subsequence consisting of non-zero projections (if rjiji) := nN + 1). This shows 
that the algebra S{On) cannot be fractal. 

Moreover, a closer look reveals that also the restricted algebra Sri{ON)i with 
rjiji) := nN , cannot be fractal: For the sequence 

{PnNiSlY PnN S^PuN — PnN{SlY PnN SiPnN)n>l (19) 

one observes a similar unpleasant behavior as before. We will see later on that 

r^{n) := AT" (20) 

is the correct choice for the restriction r/, since it will indeed guarantee the frac- 
tality of the restricted algebra iS^(C7v). 

It is interesting to observe that there are at least two further arguments which 
also suggest the choice (!20!) for the restriction rj. The first one comes from asymp- 
totic numerical analysis again. Consider the set of all sequences {A^) in JF with 

sup rank y4„ < oo. 

n>0 

The closure of this set in JF is a two-sided ideal K, of JF, the elements of which are 
called compact sequences. The ideal /C plays a similar role for sequence algebras as 
the ideal of the compact operators does for operator algebras. In particular, there 
is a Fredholm theory for approximation sequences which parallels the common 
Fredholm theory for operators and which has remarkable consequences for the 
asymptotic behavior of singular values (see Chapter 6 in [9] and Chapters 4 and 



12 



5 in [13] for an introduction and Section 16.41 below for a closer look at Fredholm 
properties of finite sections sequences for operators in the Cuntz algebra). 

The point now is that the sequences ( fTSl) and (fT9l) are compact in this sense 
(and do not belong to the smaller ideal Q of the zero sequences). Since the Cuntz 
algebras On do not possess non-zero compact operators at all, it seems to be not 
natural to consider discretizations which produce non-zero compact sequences. 

The second argument comes from operator theory. The following lemma states 
that the choice fl20l) implies that, up to sequences in the ideal the initial 
projections of the partial isometries {Pr,(n)SiPr^{n)) with i E fl'' only depend on 
the length k of the multi-index, not on the multi-index i itself. 

Lemma 3.5 Let i eVl'^ and n = with j G Z+. Then 

{0 if j < k and < Vi^k, 

Pi zfj < k and > vik, 
Pnj-" if 3 > k. 

Proof. By ([HD, one has PnS*PnSiPn = Pr with 

If j > k, then N^''^ is a positive integer, whereas Vi^k/N^ G [0, 1). Thus, in this 
case, r = N^~^. Now let j < k. Then 

Thus, if A^-' — Vi^k > 0, then r = 1. Finally, let j < k and A^-' — Vi^k < 0. Then we 
conclude from 

{N^ - Vi^k)/N^ > N^~^ - 1 > -1 
that r = (recall that we agreed upon Pq = 0). ■ 

3.4 The restricted algebra <Sr^(Oiv) 

In what follows we will exclusively deal with the restricted algebra Sj^{On) where 
ri{n) = N"-, as suggested by the arguments of the previous section. 

Proposition 3.6 The algebra Sti^On) contains the ideal Q^^. 

Proof. In a first step we show that S^^IOn) contains all sequences of the form 

(0, ...,0, Pi, 0, 0, ...)G (21) 

where Pi stands at the kth position, k an arbitrary positive integer. 
First let k = 1. Define 1 -tuples 

z> := (0), 2< := (1) G n\ 
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Then Vi^^i = and Vi^^i = 1, and for j = one has 

>Vi^i = but A^-'' <Vi^i = 1. 



By Lemma [3.51 

(P/vnS'*^PjV"5'.t>-P/V")n>o = (-Pi, Pno, Pm, Pn'^, . . .) ^ '^^(C'Af) 

and 

(P/vn5'*^P/vnS'j<P/V")n>o = (0, Pno, Pm, Pn'^, ■ ■ ■) E Srf{ON)- 
Hence, the sequence (Pi, 0, 0, . . .) belongs to 5^(CAr). Let now k >2 and set 

^> := ( 0, 0, ■ ■■,0 , 1, 0), z< := ( 0, 0, ■ ■■,0 , 1) G n\ 

k-2 k-l 

Then u = N^'"^ and tu^ i, = N^~^, whence via Lemma [3.51 



{PN"S*^PN^ Si^PN")n>0 = ( 0, 0^ - • 1 ; P^y Pn^, Pn'^ , Pn^, ■ ■ ■) & Sr^{ON) 

k-l 

and 

{P]\fnS*^PNriSi_^P]\fn)n>o = ( 0, 0; - • i -P/V", P/VI5 -P/V2, . . .) ^ '5^(C'Ar)- 

A; 

Hence, the sequence (0, . . . , 0, Pi, 0, . . .) with Pi standing at the kth position 
belongs to 5^ (Cat), too. 

In the next step we show that Sr,{ON) contains all sequences of the form 

(0, ...,0, AO, 0, (22) 

where A is an arbitrary A^'"' x A^'^ matrix standing at the fcth position. Since all 
sequences of the form (121]) belong to iS^(CAr), it is sufficient to check that the set 
of all n X n matrices Pi, P„S'jP„ and P„S'*P„ with i G Q'^ and k > 1 generates the 
algebra C"^" (of course, we will need this fact later on only for n being a power 
of A^). Let < r, s < n. Write r and s in the A^-adic system as 

r = zi + zaAT + . . . + z^A^^^-i, s = j, + J2N + . . . + j^N^-^ 

with i = {ii, . . . , ik), j = (ji, . . . , jfc) e Q''. Then r = Vi^k and s = Vj,k, and 

PnSjPn ■ -Pi ■ PnSi Pn{Xm)m=0 ~ ( 0, ' 'J ^ ' •^'"i,ki 0, . . . , 0) 

= (0^_^, x„ 0, 0). 

s 

Thus, PnSjPn ■ Pi ■ PnS*Pn is a matrix which takes the rth entry of a vector and 
writes it on the sth place. Since every matrix is a linear combination of matrices 
of this kind, the assertion of the second step follows. 

Finally, every sequence in Qri can be approximated as closely as desired by 
finite sums of sequences of the form fl22]) . Since S^{On) is closed, this implies 

Qr, ^ 5^ (Cat). ■ 
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4 The finite sections algebra Sn 
4.1 A distinguished ideal 

By Proposition 13.61 one can form the quotient algebra Sj^{On) /Gr^- We denote it 
hy Sn- Recall that iSat is generated by the partial isometries 

Si := {Pj\f?iSiP]\fn)n>o + Gr,, i E Q 

and contains the identity element e of Tr,/Gr]- For each multi-index i G Vt^ we 
further set 

Si ■ "Sij-Sjj • • • Sij^. 

These elements are partial isometries by Lemma 13731 and the initial projection of 
Si does only depend on the length of i by Lemma 13.51 We denote the length of 
the multi-index i by \i\ and write pk for the joint initial projection of all partial 
isometries Si with length k. Further we write Qoo for the set of all multi-indices 
(of arbitrary length). The following axioms collect the basic properties of these 
elements. 

(Al) for every i G Qoo, the coset Si is a partial isometry, the initial projection of 
which depends on \i\ only: = P\i\- 

(A2) sos*o + sis* + . . . + S7v-is^„i = e. 

All results in Section H] will follow only from these two axioms. For later reference 
we list some further relations between partial isometries Si and the projections 
Pk- 

Lemma 4.1 Let k, I positive integers and i ^ Q'^ . Then 

(a) Si = SiPk and s* = pkS*. 

(b) SiPiSi = pk+i- 

(c) PkPi =Pk if k>l. 

(d) piSi = SiPk+i- 

(e) The generalized Cuntz condition Xlign'^ ^i^i ~ ^ holds for every k > 1. 

Proof. Assertion (a) is the fact that pk is the initial projection of Sj. For (b) 
write pi as s*Sj with j G flK Then SiPiSi = s*s*SjSi = pk+i by the definition of 
Pk+i- For (c), write pk and pi as (so)^So and (sq)'sq. Since Sq is a partial isometry, 

PkPi = (sS)'s^'4(5o)'4 = i4f4~'4 = Pk, 

which gives (c). Assertions (6) and (c) imply that 

{PlSi - SiPk+lYipiSi - SiPk+l) = {s*pi - Pk+lS*){piSi - SiPk+l) 

= S*PiSi - S*PiSiPk+l - Pk+lS*PlSi + Pk+lSiSiPk+l 

= Pk+i - Pk+i - Pk+i + Pk+iPkPk+i = 0, 
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whence (d) via the C*-axiom. Finally, assertion (e) follows easily by induction. 
For k = 1, (e) reduces to {A2). If assertion (e) holds for some k > 1, then it 
holds for k + 1 since 

by assumption and axiom (A2). ■ 

For every positive integer k, let J'^'^^ denote the smallest closed ideal of Sjy which 
contains the projection e — pk- By axiom (Al), every partial isometry Sj of length 
k is an isometry modulo J'^^\ By Lemma [3.51 

e-pi = (0, Pn - Pi, Pn^ - Pn, Pn--^ - Pn'^, • • •) + ^r?- 



Proposition 4.2 J^''^ = J^^^ for every k. 
Proof. By Lemma 14. II (c). 

(e - pk){e -pi) =e- pk - pi + PkPi = e - pi. 

Hence, e — pi E J'^^\ whence J'^^^ C J'^''\ For the reverse inclusion recall from 
Lemma 14.11 (b) that 

(so)^(e -pi)s[, =pi-pi^^ 

for every / G Z+ . Adding these identities for / between and k — 1 gives e — pk 
on the right-hand side, whereas the element of the left-hand side belongs to J'^^\ 
Thus, e-pkE J^^\ whence J^^'^ C J^^) . ■ 

In what follows we write JTat for the ideal J^^^ of Sn- Note that every partial 
isometry Si with i G Vtoo is an isometry modulo Jn- 

Remark 4.3 The smallest closed ideal oi Sn which contains the projection pi 
coincides with all of Sn- Indeed, from Si = SiS*Si = SiPi we conclude that every 
element Si with i E Q belongs to this ideal. Since the Si generate the algebra Sn, 
the assertion follows. 

We conclude this section with a further property of the Pn which will be needed 
in Section m 

Lemma 4.4 For each j G J^n, one has lim„^oo \\Pnj\\ = 0. 
Proof. If j is of the form 

Sisl{e-pi)sis*„^ with |z| < |/c| (23) 
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then the assertion holds since 

PnSisKe - pi) = Sislpn+\i\~\k\{e -pi) = 

for n > \k\ — Hence, the assertion also holds if j is a linear combination of 
elements of the form fl23|) . Since these linear combinations form a dense subset 
of JTtv and = 1 for each n, the assertion holds for every j G J'n- ■ 

4.2 Lifting Sn/Jn to Sn 

Our further analysis of the algebra Sn is based on the following elementary fact, 
which can be considered as the simplest instance of a lifting theorem. It settles 
a condition which guarantees than every element which is invertible modulo an 
ideal can be lifted to an invertible element. The simple proof is in [9], Theorem 
5.33. 

Proposition 4.5 Let A be a unital C* -algebra andl a closed ideal of A. Further 
suppose there is a unital * -homomorphism tt from A into a unital C* -algebra B 
such that the restriction of ir onto I is injective. Then the following assertions 
are equivalent for every element a G A: 

(a) a is invertible in A. 

[b) The coset a+X is invertible in the quotient algebra A/I, and 7r(a) is invertible 
in B. 

We shall apply this result with A := Sn and X := J'n. By Proposition 14. 5[ the 
problem to derive a criterion for the invertibility of elements of Sn (and thus, for 
the stability of sequences in Sr]{ON)) splits into two separate tasks: 

• to describe the quotient algebra Sn/Jn, and 

• to construct an injective *- homomorphism on J'n. 

The solution of the first task is evident: The quotient algebra Sn/Jn is generated 
by the cosets Sj + Jn with z G fi. These cosets are isometrics and they satisfy 
the Cuntz axiom 

(so + Jn){so + JnT + ■■■ + {sN-1 + Jn){sn-i + JnT = e + jN. 

By the universal property of Cuntz algebras, S^/Jn is *-isomorphic to the 
(abstract) Cuntz algebra O^- It is also not difficult to construct an isomor- 
phism from Sn/Jn onto the (concrete) Cuntz algebra On explicitly. For, let 
Wr, : J^r] L(/^(Z"'")) denote the mapping which associates with each sequence 
in Tr, its strong limit. Clearly, Wr, is a *-homomorphism. Since the ideal Q^) lies 
in the kernel of VF^, there is a correctly defined quotient homomorphism 

■ ^vlQr, L{l\Z+)), A + Gr,^ W^{A). (24) 
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Applying this homomorphism to both sides of the equahty SqSq = Pi we get 
SqSq = W^{pi), whence W^{pi) = I. Hence, the ideal J'n lies in the kernel of 
, which implies that the quotient homomorphism 

{s,{o^)/g,)/jN L{fiz+)), (A + g^) + Jm^ w^{a + g) (25) 

is correctly defined, too; we denote it by W'^ . 

Theorem 4.6 W'^ is a * -isomorphism from Sn/Jn onto the (concrete) Cuntz 
algebra O^. 

Proof. The *-homomorphism maps the generating cosets Si + JTat, z G fi, 
to the generating operators Si of the Cuntz algebra On, respectively. Since both 
sets of generators consist of partial isometries which satisfy the (same) Cuntz 
axiom, the assertion follows form the universal property of Cuntz algebras again. 
■ 

The following is an immediate consequence of this theorem and of the fact that 
Oat is a simple algebra. 

Corollary 4.7 The kernel of the restriction of the homomorphism defined 
by ( [^ to the algebra coincides with J^. 

The following fact sheds a first light on our second task. Some consequences of 
this fact are already discussed in the introduction. 

Theorem 4.8 Every proper closed ideal of Sn lies in Jn- 

Proof. Let JT" be a proper closed ideal oi S^. Then + JT" is a closed ideal of 
Sn with Jn C Jn + J ^ Sn- Since the quotient Sn / Jn is *-isomorphic to On 
and, hence, a simple algebra, one has either 

• Case A: Jn + J = Sn, or 

• Case B: Jn + J = Jn, i-e. J C J^. 

We wish to exclude case A. Suppose we are in the situation of case A. Consider 
the ideals Ji := Jn/{Jn n J) and I2 := J/{Jn n J) of B := Sn/{Jn H J). 
These ideals have a trivial intersection, their sum is B, and the algebra 

B/x, = (Sn/{Jn n J)) I (Jn/{Jn n J)) = Sn/Jn 

is still simple. Let W stand for the canonical homomorphism from B onto B/X2 
and write d for the coset of a E Sn modulo Jn H J. Since W{B) = W(Xi), there 
is an element tt G Xi such that W{7r) = W{e). From 

W{7r^ -tt) = W{(? - e) = and W{r - tt) = W{t - e) = 
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we conclude that both Tr"^ — fr and vr* — vr belong to Xi ("1X2. Since this intersection 
is trivial, the element vr is a (self- adjoint) projection. Moreover, since 

W{dfr - TTfl) = W{a)W{e) - W{e)W{d) = 

for every element a G i3 we conclude as above that if lies in the commutant of B. 
A similar reasoning shows finally that -k is the identity element for Xi. Similarly, 
e — TT belongs to X2 and is the identity element for X2. 

Let vr G J^n be a representative of the coset tt. From Lemma [4.41 we infer 

II (e — p„)vr — vr|| — i> as n — 00, 

whence 

II (e — ]5^)^ — vr|| ^ as n ^ 00. 
Since vr is the identity element of Xi and e — Pn G Xi, this implies 

\\e — Pn — ^ as n 00. 

Since e — Pn and vr are commuting projections, this finally shows that e —pn = tt 
for all sufficiently large n, say n > k. Consequently, for n > k, one has Pn = 
e — vr G X2, whence Pn G J^. Since Sj = SiPk for all i & by Lemma I4.H this 
implies J and, thus, the smallest closed ideal of Sj^ which contains all partial 
isometrics Sj with |z| = A; lies in J . By Lemma [4. II (e). this finally implies e E J. 
Thus, J is not a proper ideal of J . This contradiction excludes case A. ■ 

Corollary 4.9 Every * -homomorphism on Sn which is injective on J'n is injec- 
tive on all of Sn- 

Indeed, if is a *-homomorphism on iSat which is injective on J'n, then its kernel 
is a proper ideal of iSat. By Theorem I4.8[ ker W C J'n- But Jn H ker W = {0} 
by assumption. Hence, the kernel of W is trivial, and W is injective on Sn- ■ 

In Section [6] we are going to construct an injective homomorphism on Jn- We 
prepare this construction by a closer look at the Cuntz algebra and a related 
Toeplitz algebra in Section [5] 

5 Expectations oi On and stratified Toeplitz op- 
erators 

5.1 Block Toeplitz operators 

By /^(Z"*", P{Z~^)) we denote the Hilbert space of all sequences x = (x„)„>o with 
values in /^(Z"*") such that 

II Ii2 II Ii2 

jjxjl := 2^ \\^n\\ < 00. 

n>0 
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It will be convenient to identify the algebra of all bounded linear operators on 
/2(Z+, /2(Z+)) with the minimal tensor product L{l^{Z+)) ® L{f{Z+)). Let A 
be a bounded linear operator on /^(Z"*", and let Aij G L{P{7j~^)) be the 

operator which maps the zth component of x to the j'th component of Ax. Then 
A can be identified with the infinite matrix (^ij)i,j>o in an evident way (but, of 
course, not every matrix with entries in L(/^(Z''")) defines a bounded operator on 

The closure in L(/^(Z"'', /^(Z"*"))) of the set of all matrices with only finitely 
non-vanishing entries forms a closed ideal of this algebra which we identify with 
K{p(Z+)) ® L(/2(Z+)) in a natural way. 

To each function a G C(T, L(/^(Z''"))) we associate its /cth Fourier coefficient 

ak:= I a{\)\-^d\eL{f{'L^)), k e Z, 
Jt 

and consider the (infinite) Toeplitz matrix 

T(a) := {ai.j)ij>o. 

Every Toeplitz matrix with a continuous generating function defines a bounded 
operator on /^(Z"*", Z^(Z+)) which is a called a Toeplitz operator and denoted by 
T(a) again, and 

ll^(«)ll = ll«lloo. (26) 

The Toeplitz operator T(a) is invertible modulo K{P{Z'^)) ® L(/^(Z"'")) if and 
only if the function a is invertible in C(T, L(/^(Z+))). For details see [TT] . 



5.2 An algebra of stratified Toeplitz operators 

For z G fi, consider the infinite matrix 



V 











5. 



(27) 



with all entries left empty being zero, and for each multi-index i G Q^, let 

Si := Sjj^ . . . Sjj. . 

Clearly, every Sj is a Toeplitz matrix with continuous generating function. It 
defines a bounded operator on /^(Z"*", /^(Z"*")), which we denote by Sj again. We 
let T/v refer to the smallest closed subalgebra of L(/^(Z"'", /^(Z"*"))) which contains 
all operators Sj and S* with z G fi. 

One peculiarity of operators in T/v which will become more clear and impor- 
tant later on should be mentioned already here: Their matrix representation is 
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stratified in the sense that all entries on the kth diagonal above the main diago- 
nal are necessarily of the form HiO^'' with an multi-index i of length k. Thus, 
the only operator which can stand on each diagonal is the zero operator. (A 
curious consequence of this fact is that the only block Hankel operators which 
are contained in the Toeplitz algebra 7/v are of the form of a diagonal matrix 
diag(A, 0, 0, . . .) with A G L{l^{Z+)).) 

One easily checks that the operators Ej are partial isometrics which satisfy 
the Cuntz axiom 

J] E,E* = J2 diag {S.S*, S.S*, . . .) = diag (/, /,...)• 

Moreover, for each multi-index i, the initial projection E*Ej is equal to J — n|j| 
where 

Hfc := diag (^_^, 0, 0, . . .) G T^, (28) 

k 

for k > 1. Thus, the algebra TJv contains the identity operator / and all pro- 
jections Ilfc, and the partial isometrics E, satisfy the axioms (Al) and (A2) in 
Section WTLl in place of the Sj. Thus, all results of Section H] will remain valid for 
the algebra T/v in place of and for its ideal C^, which is the smallest closed 
ideal of TJv which contains the projection Hi, in place of JTat. In particular, 

n„ G Cn for each n > 1 (29) 

and 

T^/Cn = O^. (30) 
5.3 Identification of Cn 

Our next goal is a description of the ideal of T/y. Let refer to the smallest 
closed subalgebra of On which contains all products SiS* with multi-indices i and 
j of the same length \i\ = Here we allow multi-indices of length and set 
5*0 := I. Thus, is a unital algebra. One easily checks that On is the 

closed span of the set of all products SiS*, whereas O^^ is the closed span of all 
products SiS* with \i\ = The algebra O^^ is known to be isomorphic to the 
UHF-algebra of type N°°. In particular, Of"'^ is the CAR-algebra. See [3 [8] for 
details. 

We shall further make use of the following elementary observation. Let A be 
a C*-subalgebra of a unital C*-algebra B and let E be an isometry in B. Then 
the mapping 

A^B, A^EAE* (31) 

is an injective *-homomorphism. Indeed, E/liE*EA2E* = EA1A2E* for Ai, A2 G 
A, and if EAE* = 0, then 

= E*EAE*E = A. 
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We apply this observation to the algebras A := Cn and B := L(/^(Z+, /^(Z+))) 
and to the isometry 

S := diag(/, So, Sq, Sq, . . .). 

Thus, Cn is *-isomorphic to ECtvE*. The latter algebra can be described as 
follows where we let 11 := EE* be the image of the identity operator under the 
mapping (ISTll . 



Theorem 5.1 EC^vE* = H {K{P{Z+)) ® O""^'') U. 

Proof. Since the algebra T/v is generated by the partial isometries Ej, the algebra 
ETyvE* is generated by the operators 

/o s,s* \ 

SoS,{S*}^ 



EE,-E* 







\ 



All entries of this matrix belong to . Hence, 

ET^vS* c n (i:(/2(z+)) ® o^"'^) n. 

Further, the mapping (!3T!) sends the generator Hi of the ideal Cn to itself. Since 
nill = nili, one has 



EHiE* = Hi G n (A'(/2(Z+)) ® n. 



whence the inclusion 



EC^E* c n {K{P{z+)) ® o^*^) n. 



The reverse inclusion will follow once we have shown that for each n x n-matrix 
A := (Aij) with entries in , which we identify with an operator on the range 
of n„ in the obvious way, the operator UAH belongs to ECatE*. Due to linearity 
we can further assume that only one of the entries of A, say Aij, is different from 
0. Finally, since is spanned by products SiS* with multi-indices of the same 
length, we can assume that only the ijth entry of A is different from zero and that 



this entry is SiS* with 



Then UAH is a matrix the only non-vanishing 

(32) 



entry of which stands at the ijth position, and this entry is 

ni ( Q*\i Q Q* cj ( C*\j 

Let 

B := (n,+i - n,)(E*)^EzE;E^o(n,+i - n,). 

This operator is in Cn, all entries in the matrix representation of ESE* with 
exception of the ijth entry vanish, and the ijth entry coincides with (!32l) . Thus, 
EBE* = Ilyin, which finishes the proof. ■ 



Next we will have a closer look at the ideal structure of Tn- 
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Theorem 5.2 The ideal Cn ofT^ is simple. 

Proof. Let TZhe a. closed ideal of Cn- Then IIiT^ni is a closed ideal of niCArlli. 
From Theorem 15.11 we infer that niCArlli is *-isomorphic to the algebra 
which on its hand is known to be *-isomorphic to the UHF- algebra of type N°°. 
Thus, niCTvIfi is isomorphic to the inductive limit 

with connecting maps 

diag ( g, a, ^ . . , a ) . 

N 

Being an inductive limit of simple algebras, the algebra niCArlli is simple. Hence, 

either YliTZUi = niC^vni or ^l7^^l = {0}. 

In the first case, IIi G niT^IIi C TZ. Since 111 generates Cn as an ideal, we 
conclude 71 = Cn- 

Assume now that niT^Ili = {0}. Let R = {Rij)ij>o G TZ. Then, for arbitrary 
subscripts ^o? Jo > 0, the matrix 

(Hio+i - niJi?(njo+i - Ejo) 

has the entry Ri^Jq at the «oJoth position whereas all other entries are zero. Let 
k and I be multi-indices with \k\ = io and |/| = jo- Then the matrix 

Sfe(nio+i - niji?(njo+i - n^jS;* (33) 

has the entry SkRiojoSl at the 00th position whereas all other entries are zero. 
Thus, the matrix fl33|) belongs to niT^-IIi, whence SkRioj^Sl = by assumption. 
Since the Si are isometries, this implies Riojo = 0, and since zq and jo were 
arbitrarily chosen, R is the zero matrix. Thus, TZ is the zero ideal in this case. ■ 

As already mentioned, the Sj satisfy the axioms (Al) and (A2) and, thus, all 
results of Section H] hold for the algebra Tn in place of Sn as well. In particular, 
every proper closed ideal of Tn lies in Cn by Theorem 14. 81 Together with Theorem 
15.21 this implies 

Corollary 5.3 Cn is the only non-trivial closed ideal o/Tn- 

5.4 Expectations on On and Toeplitz operators 

There are at least two ways to associate with every element of the Cuntz algebra 
On a Toeplitz operator in Tn - For facts cited without proof see [3 E]. 
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The first way is via a special expectation. Recall that the operators Si and 
S* with i,i E generate a dense subalgebra of O^. Each operator A in this 
algebra can be uniquely written as a finite sum 

A = 5^(5o)"'A. + Ao + J2 ^^^0 (34) 

fc<0 fc>0 

with "Fourier" coefficients Ak G . For A; G Z and A as in flMl) . define 
:= Ak- Then < ||y4||, thus the $fc extend by continuity to bounded 

mappings from onto O^*^. These mappings own the following properties: 

• $0 '■ C^N is an expectation, i.e. = $0) 

• = ^k{AS*) if A; > 0, and 
. = $,(5-0/1) if A;<0. 

We associate with each operator A G On a formal matrix of operators on /^(Z+) 
by 

vi/(A) := {{s*,y%{si,A{s*y)si)^^^^^ . (35) 

We will see in a moment that the formal matrix ^(A) defines a bounded operator 
on /^(Z"*", /^(Z"^)) and that this operator is a Toeplitz operator in T^. The follow- 
ing example shows that this is at least true for operators in a dense subalgebra 
of On. 

Example 5.4 Let A := SiS^ with multi-indices / and m. Then $o('S'o^(5'o)"') is 
different from only if i + |/| = |m| + j. In this case, 

MS'oA{s*oy) = %{s',SiS*^{s*y) = si,s,s*^{s;y , 

whence 

{s;yMsiA{s*y)si = SiS*^ = A. 

Thus, \1/(S';5'^) is the matrix which has the entry SiS^ on its i — j = \m\ — \l\th 
diagonal whereas all other entries are zero. In particular, "^{SiS^) is a Toeplitz 
operator in T/v- 

Note that the mapping \l/ is not multiplicative. Indeed, \&(5'a,) = for A; G ^2 
as we have just seen. Consequently, \l/(5'^)\l/(S'fc) = S^Sfe = I — Hi, which is 
different from ^(5^5,) = ^(/) = /. ■ 

A second way to associate with every operator in a Toeplitz operator in Tn is 
via continuous functions. Let A G T. Then the mapping px '■ Si ^-^ XSi extends to 
an automorphism of On- Here, as usual, A stands for the complex conjugate of 
A; note that the mapping p\ is defined in [8] without the bar. For each operator 
A E On, consider the function 

Ja-.T^On, X^Px{A). (36) 
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Lemma 5.5 The function Ja is continuous for each A & On, and ||/a||oo = ||^||- 

Proof. For each A G T, one has ||/yi(A)|| = ||pa(^)|| < ||^||, whence ||/a||oo < 
\\A\\. Since = A, equahty holds in this estimate. Since A h-> /^^ is a hnear 

mapping, this imphes 

WfA- fB\\oo = \\A- B\\ for all A 5 G Otv. (37) 

Choose operators Bn in the dense subalgebra oi On generated by the isometries 
Si such that 11^4 — — >■ as n — >■ oo. The functions /^^ are evidently contin- 
uous. Being a uniform limit of continuous functions by (!37|) . the function is 
continuous. ■ 

As in Section 15.11 we associate with the continuous function the sequence of 
its Fourier coefficients and consider the associated Toeplitz operator T(/^) on 
/^(Z~^, /^(Z"*")). From ( |26l) and Lemma [5.51 we conclude that 

||T(/a)|| = ||/a||oc= Pll for every A G Oat. (38) 



Example 5.6 Let A = SiS^ with multi-indices / and m. Then 

/^(A) = a-i'i^/AH = aI'^i-i'U. 

The \m\ — |/|th Fourier coefficient of is A whereas all other Fourier coefficients 
of this function vanish. Thus, T(fA) is the matrix which has the entry SiS^ on 
its z — j = |m| — |/|th diagonal whereas all other entries are zero. ■ 

Since the products SiS^ span a dense subalgebra of On and since the mapping 
A I— i> T{fA) is an isometry, we conclude from this example that T{fA) is a Toeplitz 
operator in Tn for every A E On- 

We will see now that the two ways discussed above lead to the same goal. 

Theorem 5.7 The mapping is a linear contraction from On into Tn- It co- 
incides with the mapping A i— > T{fA)- 

Proof. We learned from Examples [El and EJ] that T{fA) = ^(A) for A = SiS^^. 
Since these products span a dense subalgebra of On and A T{fA) and are 
linear mappings, this implies that 

T(/^) = ^(A) G Tn for all A in a dense subalgebra of On- (39) 

Since the mapping A T{fA) is an isometry, we get from ([391) that 

11^(^)11 = \\nfA)\\ = \\A\\ 
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for all A in a dense subalgebra oi On- Thus, the mapping \l/ can be continued 
to a linear contraction from On into Tn (which, of course, coincides with the 
mapping A i— > T{fA)). Since each entry of the matrix (|35l) depends continuously 
on y4, this contractive continuation coincides with the formal matrix in ( l35l) . ■ 

The classical Toeplitz algebra decomposes into the direct sum of the linear space 
{T(/) : / G C(T)} and the ideal of the compact operators. A similar decompo- 
sition holds for the algebra Tn- 

Theorem 5.8 Tn = {T(/a) : A E On} ®Cn = : A e On} © Cn- 

Proof. We reify Proposition 12.11 with the following algebras and mappings: 

• ^ is the smallest closed subalgebra of L(/^(Z, /^(Z"*"))) which contains all 
operators of Laurent type represented by the two-sided infinite matrix 

/•.. \ 

S, 

Si 

s, 

\ ■••/ 

with the zeros standing on the main diagonal. 

• B is the algebra Tn- 

• D is the mapping A B, A PAP where P is the orthogonal projection 
from /2(Z+)) onto 1^{Z+, 1^{Z+)) (the latter is identified with a closed 
subspace of the former in the obvious way) . 

• is the mapping 

B^A, s-lim„^+o,V;*5K 

where V is the operator of forward shift on /^(Z, /^(Z"*")) and Vn '■= V"" for 
n > 0, and where s-lim refers to the limit in the strong operator topology. 

Then Proposition 12.11 implies that Tn = {T(/a) : A G On} ©kerl^, and it 
remains to verify that 

Cn {■-= closidr^ {Hi}) = ker W. (40) 

Evidently, IIi G ker W, whence the inclusion Cn ^ ker W. To get the reverse 
implication, we show that the quasicommutator ideal of Tn lies in Cn- Since the 
products SiS^ with multi-indices I, m span a dense subalgebra of On, this fact 
will follow once we have shown that 

^iSiS*J^iSnS:) - ^{SiS*^SnS:) G Cn (41) 
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for each choice of multi-indices /, m, n and r. Let A denote the operator of 
forward shift 

/O \ 

/ 
/ 



A : = 



V 



G L(/2(Z+,/2(Z+))) 



(42) 



and set A„ := A" for n > 0, Aq := / and A„ := (A*)"" for n < 0. In Example (EH 
we have seen that 

<iliSiS*J = 5,^:,A|^|_,,, (43) 

(in this and the following equalities we consider L(/^(Z"'', /^(Z"*"))) as an L(/^(Z+))- 
module in an obvious way). Thus, 

= SlS*^SnS* (A|ml-|i|A|^.|„|„| — A|r|_|„| + |ml-|r|) • 



For arbitrary integers a, b one has 



AaAb — Aa+b 



if a < 0, 
n„A„ I h if a > 



with Ua defined as in (!28|) . Hence, 

^{SiS*j ^{SnS;) - ^{SiS*^SnS: 





SiS^SnS*Il\m\~\l\A.\r\-\n\ + \m\-\r\ if |^| 

if Iml 



> 
< 







m 




l\ 


m 




I 



Since n„ G for every n > 1 by fl29|) . the inclusion fl4T|) follows. 



6 The lifting homomorphism 

6.1 The algebra (e — pi)SN{e — pi) 

In what follows is will be convenient to compare and to operate with multi- 
indices. Given multi-indices i = {ii, . . . , i^) G fi^ and j = (ji, ■ ■ ■ , ji) G we 
define their sum as the multi-index 

i+3 := (zi, 2fc, Ji, Jz) G 1^^'+'. 

Differences of multi-indices i, k can be defined only if one of the multi-indices is a 
part of the other. Since addition of multi-indices is not commutative, we consider 
differences from the left and from the right. More precisely, we write i -< /c if 
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there is a multi-index j such that i + j = k, and we write k y j if there is a 
multi-index i with i + j = k. The multi-indices j and i are uniquely determined, 
and we denote them by 



j := (— i) + k and i := k — j, 

respectively. Note that it follows from ( fTTl) that the product s*Sj is not zero only 
if i -< j or j ~< i. In the first case on gets 

whereas in the second case 



Lemma 6.1 Lei i, j, k, I be multi-indices (not necessarily of the same length). 
Then the product 

{e-pi)siS*SkS*i 

can he written as 

(e - PljSrSl 

with multi-indices r and t such that \r\ > \t\, or this product is zero. 

Proof. The product (e — Pi)SiS*SkS*i is zero, or one has j ~< k ot k ~< j. By 
Lemma 14.11 



{e - pi)siS*SkSi 



(e-pi)s,s*SjS(_j)+fcs; 


if 


j ^k 






{e-pi)siSl_f^.^_^.slSkS* 


if 


k-<j 








if 


J ^k 






{e-pi)sisl_^^^.pik\s*i 


if 


k^j 






Si{PM -p|i|+i)p|j|S(_j)+fcs; 


if 


3 <k 








if 


k^j 









if 


\j\ > N 








if 


J -< k, \j\ 


< 


i 




if 


k^j, IjI 


< 


i\ 





if 


IjI > Kl 






(e 


if 


J -< k, IjI 


< 


i 




if 


k^j, IjI 


< 


i\ 





if 


IjI > N 






ie-Pi)si+{i-j)+k)Si 


if 


J -< k, IjI 


< 


i 


(e — pi)siS;*^((_;j)^j-) 


if 


k^j, IjI 


< 


i\ 
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It remains to show that, whenever the product (e — pi)srSf is not zero, then 
\r\ > \t\. Assume that |r| < Then t can be written as ti + ^2 with > 
and 1^2! = l^^l- From Lemma [4. II (d) we conclude that 

and (e — pi)s*^ =0 by Lemma [4.11 (a). ■ 
A repeated apphcation of Lemma 16.11 yields the following. 

Corollary 6.2 Let i, j, k, I, . . . , m, n be multi-indices (not necessarily of the 
same length). Then the product 

(e - pi)siS*SkSi . . . Smslie - pi) 

can be written as 

{e-pi)srS*{e-pi) 
with multi-indices r and t of the same length, or this product is zero. 

Corollary 6.3 Let a G Sn- Then {e—pi)a{e—pi) can be approximated as closely 
as desired by linear combinations of elements of the form 

{e-pl)srS*^{e-pl) 

with multi-indices r and t of the same length. 

Let stand for the smallest closed subalgebra of which contains all products 
SiS* with multi-indices i, j of the same length. Again we allow multi-indices of 
length zero, for which we set S0 := e. 

Lemma 6.4 = closspan {siS* : |z| = 

Proof. Let i, j, k, I be multi-indices with \i\ = \j\ and \k\ = We have to 
show that the product (sjS*) (sfcS;*) can be written as SrS* with multi-indices r, t 
of the same length. This product is zero if not j -< k 01 k -< j. Let, for instance, 
j -< k. Then 

= ^iP\i\^{-j)+kS'l 

where \i + {{-j) + k) \ = \i\ + \k\ - \j\ = m 
One can now state the assertion of Corollary 16.31 as follows: 

If a G (Sat then {e — pi)a{e — pi) E {e — pi) {e — pi). (44) 
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The mapping 

Sn-^S^'', a ^ {e - pi)a{e - Pi) (45) 

is an expectation which is related with the expectation : On ^ as 
follows. 

Proposition 6.5 Let A G On, a := {PN'^APN^)n>o + Gri, and i, j G Z+. Then 

(e-pi)s^a(so)^(e-pi) 

= (e - pi) {{PN^MS'oMSoy)Pm)n>o + Qr,) (c " Pi). (46) 

Proof. Because of 

Sl,a{s*y = {PNnSi,PNn){PNnAPNr.){PNASoyPm)+Qv 

= (P/v"'S'qP/v"^-P/V" ('S'o)''-P/V") + 

= iPN«S',A{S*)'PNn)+gr„ 

it is sufficient to prove the assertion for i = j = 0. Thus, we have to show that 
(e - pi)a{e - p{) = (e - pi) ((P;v"$o(^)i^7V")n>o + Q^) (e - Pi)- (47) 

Both sides of this equality depend linearly and continuously on A. It is thus 
sufficient to verify flTTl) for A = SkSf with multi-indices k, I of arbitrary length. 
If k and / are of the same length, then A G O^^ , whence ^o{A) = A, whereas 
otherwise ^o{A) = 0. Thus, the right-hand side of (1471) is equal to {e—pi)a{e—pi) 
if \k\ = \l\ and zero otherwise. Since 

Pn^^ SkSi Pn" = Pn" S^Pn" ' Pn" Si Pn" , 
the left-hand side of (147|) is also zero whenever 7^ |/|. ■ 

6.2 Definition of the lifting homomorphism 

The desired lifting homomorphism will be defined explicitly by means of strong 
limits which involve the following reflection operators. For every positive integer 
n, let 

Rn : /^(Z+) /^(Z+), (Xfc)fc>o ^ {Xn-l, Xn-2, . . . , Xq, 0, 0, . . .). 



Proposition 6.6 Let a G Sn and write (e — pi)a{e — pi) as {An^) + Qr^- Then 
the strong limit 

s-lim 

n^oo Rn" ^N"- (48) 

exists, and the limit is independent of the choice of the representative of the coset 
{e - pi)a{e - pi) . 
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Proof. Evidently, the limit (HHI) is zero if {A^n) is a sequence in This implies 
the independence of the choice of the representative. 

By Corollary 16.31 it is sufficient to prove the existence of the strong limit ( l48l) 
for sequences (A^n) which belong to the coset e — pi or to the coset SiS* with 
multi-indices i, j of the same length. 

Consider e — pi = (Pn^) — (Pn^SqP^^i) (P/vnS'oP/vn) + Q^. For every n > 1, 
one has 

P^nSQPNnSoPNn = dlag ( 1 , 1 , . . . 1 , , , . . . , 0) 

with A^"~^ ones followed by A^" — A^*^"^ zeros. Hence, 

Risi-n (^P]\fn — Pjv"»S'Q-P/v"*S'o-P/v")-RAf" — diag(l, 1, ... 1, 0, 0, . . . , 0) 

with N"^ — N^~^ ones followed by A^*^"^ zeros, which implies that 

Rn"{Pn" — Pn^iSqPn^SoPn^)Rn^i I strongly. (49) 

Next consider the sequence {PNr^SiSjPNn) with multi-indices i, j G Q'^. From 
Section 12.31 we infer that 

SiS* : {Xr)r>0 ^ 

( p, • - , 0,^ Xy.,^, p, . , 0,^ a^^.^fc+Tv*, p, • - , 0,^ Xy.^^+2m, ■■■)■ (50) 

In particular, SjS* is the diagonal projection operator 

S,S* = diag(0^__0, 1, 0^_^ 1, 0^_^ 1, . . .). (51) 

'"j,k dk dk 

For n > k, ( 150|) implies that 

P^nSiS* PjSfn : {Xr)r>0 ^ 

( p, . , 0^ ^Vj^ky P? • - ) 0) , ^Vj^k+N^^ • • • ' ^i;j,fe+(Af"-*-l)Ar'=) P? • - ; )- (52) 

Vi,k dk N''-Vi^k-i 

Let V denote the shift operator 

V : l\Z+) ^ /2(Z+), {xk)k>o ^ (0, xo, xi, . . .). 

For every positive integer n, set Vn '■= V"^ and V^n '■= (V*)^, and define Vq '■= P 
Then (l50l) shows that 

whence 

RN"PN"S.iS*PN^^RN'^ = RN"PN"Vy.f,V-y.f,SjS*PNnRN^^- 
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By (151]) . the operator SjS* commutes with P^n which gives 

Rj\[n Pn^ ^i^j Rn" 

= Rp^nP^nVy^ ^Pj^nRj\Jn • Rj\[nP]\fnSjS*P]\fnR]\fn. (53) 

It is well known and easy to check that 

RlSlnP^nVy^^,V_y-^,PN"RN" Kj,fe-W,,fe 



strongly as n —>■ oo. According to ( l52l) . the second factor in (l53l) is equal to 
R]\fnP]\fnSjSj Pj\fnR]\fn = dlag (0, . . . , , 1 , , . . . , , 1 , . . . , 1 , 0, ■ -J y O )- 

Since the number A^'^ — Vj^k — 1 of the leading zeros is independent of n, this factor 
converges strongly to 

diag (0^_^^ 1, 0^_^ 1. 2l_;;^- • •)• 

Using the notation 

:= diag (1, 0^__0, 1, 0^_^^. . .), 

we finally arrive at 

-Rat™ P/ynS'j 5* P/Vni?^n — > K;j_fc-Di_fc^*-?;j ,,-infc^7V''-t)- 

= V^Ar._.,,,_in,V^;._,^,^^_, " (54) 

where the latter equality holds since A^*^ — Vj± — 1 > 0. This settles the desired 
strong convergence. ■ 



For later use it will prove convenient to write the operator (IMI) in a different 
form. Note that 

S^S* = K. , V.y.^SiS* = K. , ,K. k^kV* = Av: . 

A comparison with (|54l) suggests to introduce the dual index z of a multi-index 
i = {ii, i2, ik) by 

1,= {^N -l-H,N ...,N -I- ik). 

Evidently, \i\ = \i\ = k, and one easily checks that 

v.^,^ = {N-l-t^) + {N-l- t2)N + ... + {N-l- ik)N^-^ = N^-i- y^,^. 
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Hence, 

For each i G ^2 we set := = S^^i^i. Due to the universal property of Cuntz 
algebras, the mapping ^ : Si S'Ar_i_j can be continued to an automorphism of 
On- 

Corollary 6.7 If i and j are multi-indices of the same length then 

RN^PN'^SiSjPNnRj^n (SiS*)^ strongly as n oo. (55) 

Note that the strong limit fl55l) need not to exist if the multi-indices are of different 
length; for example, the sequence 

{Rn^Pnu S'qP/V" R]\f")n>0 

for the single isometry Sq does not converge strongly. 

We denote the strong limit psj) by Wqo^o) and consider Wqq as a mapping 
from Sn into L{f{Z+)). More general, for i, j G Z+, let : Sn ^ L{P{Z+)) 
refer to the operator 

a ^ {S*^_^y V^oo((e - Pi)4a(s*)^-(e - 

which is consistent with the previous definition. With every element a G Sn, we 
associate the infinite matrix 

W{a) := (Vr.,(a)),,,>o (56) 

the entries of which are operators on L(/^(Z"'')). We are going to show that the 
matrix ( l56l) defines a linear bounded operator on /^(Z"*", /^(Z"*")) and that the 
mapping W is the desired injective lifting homomorphism. The following is the 
main result of this paper. 

Theorem 6.8 The mapping W defined by i\56} is a * -isomorphism from Sn onto 
T/v which maps the ideal Jn onto C^- 

Corollary 6.9 Jfq is the only non-trivial closed ideal of S^- 

Indeed, this follows immediately from Theorem 16.81 and Corollary 15.31 

The proof of Theorem 16.81 will be given in the following section. Before, we 
consider a few examples which illustrate the action of W . If a = s^, with r G fi, 
then 

(e -pi)soSr(so)^(e -pi) = for i + 1 7^ j. 
If i + 1 = j then we get with Corollary 16.71 that 

(^^-i)Woo((e - pM,Sr{sl)\e - p,))%^^ 
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Thus, ^ 

W{sr) = Ejv_i_r and, analogously, W{s*) = S^_^„^ (57) 

with Sj defined by (1271) . Let now a = SqSq = pi- If i = 0, one has for every j 
(e - pi)a(so)^(e - pi) = (e - Pi)pi(s5)^(e - pi) = 0, 

and the same result follows if i > and i ^ j: 

(e - pi)soSoSo(so)^(e - pi) = (e - pi)so(so)^(e - pi) = 0. 

Let, finally, i > and i = j. Then 

(e - Pi)4s*so(s*)'(e - pi) = (e - Pi)4(s*)'(e - pi). 

Applying the homomorphism Wqq to the right-hand side of this equality and 
taking into account Corollary 16.71 we obtain the operator 5']\r„^(S'^_2)*5 whence 

W{pi) = I-Ui and W{e-pi) = Ui. 

Note that W{s*)W{sr) = I -Hi = W{pi) = W{s*Sr) in contrast to the mapping 
which does not act multiplicatively on these elements. 

6.3 Proof of Theorem [678] 

It is not too hard to verify that the mapping W acts as a *-homomorphism 
on a dense subalgebra of Sn- That it acts as a *-homomorphisnij)n the whole 
algebra would easily follow frornj^his fact if one would know that W is bounded. 
Conversely, the boundedness of W comes as a simple consequence of the fact that 
W ^ts as a *-homomorphism jMi S^. Unfortunately, neither the boundedness 
of W nor the homomorphy of W on all oi Sn could be shown directly. Rather 
we have to prove both properties simultaneously by climbing step by step form 
small substructures of iSa? to the whole algebra. 

We will make use of the fact that the algebra splits into the direct sum 

{(PjV"^i'^")n>o + Q.j:Ae On} © Jn- (58) 



Proposition 6.10 The mapping W acts as a linear contraction on the first sum- 
mand of ([5^ . and it maps this summand into T^- 

Proof. Let A E On and a := (PArnAP/v")n>o + Gr)- From equality (l46l) we 
conclude that 

m)o((e-pi)4a(sS)'(e-Pi)) 

= Woo{{e-pi) {{PN^^o{SlA{S;y)PNn)n>o + Qn) (e-Pi)) 

= ($0(^0^(50^))" 
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Thus, 

{is*y MSoA{s*y) SI)' 



i,j>0 



i,j>0 



We claim that 



= $0(5") for every B E On- 



Since Oat is spanned by products SiS*^ with multi- indices /, m and since the 
mappings $0 and " are continuous, it is sufficient to check the claim for B = SiS^. 
If |/| 7^ |m|, then both sides of the claimed identity are zero, whereas 

if |/| = |m|. This proves the claim and shows that fl59|) is equal to 

{{s%^,y %{s^^^,A\s%^,y) . 

Repeating the arguments from Example 15.41 one easily gets that the operators 

{s:y^o{stA^{s:y)si. 

are independent of the choice of r G ^2. Thus, ( 159|) further coincides with 

{{s*,yMSoA\s;y)s^)^^^^^ 

whence ^ 

W{a) = ^{A^). 

Now we conclude as follows. The mapping 

a = {Pj\fnAPl\fn) + Qr] ^ A = S-\imPj\;n APj\fn 

is a linear contraction by the Banach-Steinhaus theorem. As already mentioned, 
the mapping A A^ is a linear contraction (and even an isometry) on On, and 
from Theorem 15. 71 we recall that the mapping A^ 1— \E'(/1'*) is a linear contraction, 
too, with range in Tn- ■ 

Now we consider the second summand in (l58i) . Abbreviate e—pn to vr^ and recall 
the definition ([28]) of n„. 

Proposition 6.11 The mapping W is a * -homomorphism from TCnJ'N'^n into 
UnCN^n for every n > 1. 
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Proof. Let a G J'n- First we show that W {unaiTn) G n„CArn„. For, write 
TTn = e — Pn = J27=o (Pi ~ Pi+i) with the convention Pq := e. Then 

n-l 

7r„a7r„ = ^{Pi- Pi+i)a{pk - Pk+i) 

i,k=0 
n-1 

= 5^(5o)Xe-Pi)4«(^o)''(e-Pi)sS 

i,k=0 

n-1 

= 5^(^o)Xe-pi)c?a.(e-pi)4 (60) 

i,k=0 

where the dik can be found in by Corollary 16.31 and (144|) . Since is 
spanned by the products s^s* with multi-indices fi and i/ of the same length, the 
assertion will follow once we have shown that 

Wiis^Yie - pi)s^sl{e - p^)sl) E n„C^n„ (61) 

whenever = The right-hand side of (!6T!) is the matrix 

{{S%_,yWoo{{e - Pi)sl{s*oy{e - Pi)s,s:{e - p^s^Yie - pi))5^_0,,>o • 

Only the ikth entry of this matrix is non-zero, and this entry equals 

{S%_,)Woo{{e - pMoislYie - p^)s,s:{e - p,)s',{s*)'{e - p,))S'^_,. 

By Proposition 16. 6[ this entry further coincides with 

{S%_,yWoo{{e-pi)sl{s*y{e-p,))x 

xWooiie - pi)Sf,sl{e - pi)) Woo{{e - pi)sS(s*)'=(e - pi)) 5^„i 

which on its hand is the same as 

{ C* V C* { Q* VQ C* ok { C* \k ok f Q* VQ Q* ok 

by Corollary 16.71 Thus, the right-hand side of (1611) coincides with 

(n, - n,_i)s^_i^(5^5;)s^_i(nfc - n^.i) 

(with the convention Ho := 0). Clearly, this matrix is in UnCN^n, which proves 

It is now evident that the mapping W : iVnJ'N'^n n„CArn„ is linear and 
symmetric. It remains to verify that this mapping is multiplicative, 

iy(7r„a7r„) W {irnbiTn) = W{-KnaTiJ)'Kn) for a, 6 G Jn- (62) 
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It is an elementary fact that a linear mapping W between algebras A and B which 
are spanned by subsets C and respectively, is multiplicative if (and only if) 
W{l)W{m) = W{lm) for each choice of elements / G C and m G Ai. Thus, and 
by the first part of this proof, it is sufficient to verify the equality ( l62l) in case 

7r„a7r„ = (so)*(e - (e - Pi)s^, 

T^nhun = (■sS)'(e - Pi)sxs*{e - 

with multi-indices /i, u, A and r such that = |z/| and |A| = |r|. From above 
we infer that only the ikth entry of the matrix VI^(7r„a7r„) is different from zero, 
and this entry is (S'j!^_;^)*S'^S'JS'^_]^. Similarly, only the /mth entry of the matrix 
W {unbiin) not zero, and this entry equals {Slf_{)''S^S^S]!^_-j^. Consequently, the 
matrix Vr(7r„a7r„) W^TinbiTn) is not the zero matrix only ii k = I. In this case, 
this matrix has at most one non- vanishing entry, namely the imth entry, which 
is 

Now we consider iy(-7r„a7r„67r„). It is TTnaTrnbiTn 7^ only if k = I, in which case 

7r„a7r„67r„ = (so)*(e - Pi)s^s*(e - Pi)sq ■ isl)^{e - pi)sxs*{e - Pi)s^. 
Further, the product 

(e - pi)so7r„a7r„67r„(so)*(e - pi) 

is not zero only if r = z and m = t. Consequently, the matrix H^(7r„,a7r„67r„) is 
not zero only if k = I. In this case, only the imth entry of this matrix does not 
vanish. This entry is 

* \i Qi f Q* Q* ok f Q* Q Q* QTn f Q* \m om 

which coincides with f l63|) . ■ 

Corollary 6.12 The mapping W is a linear contraction from Jn into Cn- 
Proof. Let j G JTat. From Lemma [4.41 we infer that 

lim II j — 7r.„j7r.„|| = for each j G J'n- (64) 

n— »oo 

Hence, (7r„j7r„)„>i is a Cauchy sequence. From Proposition 16 . 1 1 1 we further infer 
that W : TTnJ'N'^n ^ ^nCN^n IS a *-homomorphism, hence contractive: 

||W^(7r„j7r„)|| < ||7r„j7r„|| for alln > 1. (65) 

Since UnjiTn G HmJ'N'^m for m > u, we conclude that 

||Vr(vr„j7r„) - W{TT.mjTTni)\\ < hnj-^n " Vr„j7r„|| 
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whenever m > n. Hence, (IV(7r.„j7r.„))„>i is a Cauchy sequence. Let J denote 
its limit. Since all entries of the matrix mapping W are continuous, we conclude 
from ^ 

||Vr(7r„j7r„)- J|| ^0 

that J = W{j). Now it is clear that W{j) G Cat, and passing to the limit as 
n oo in (165|) yields < ||j|| for every j G cJtv- ■ 

Corollary 6.13 The mapping W : J'n Cn is a * -homomorphism. 

Proof. We have to show that is a multiplicative mapping on JTat. Let ji, j2 G 
J'jsf. By Lemma 1131 jij2 = Iim7r„ji7r„j27rn, and since W is continuous on jTiv, 

W{jij2) = Iimiy(7r„ji7r„j27rn). 

Since W is multiplicative on vr„j7Arvr„ by Proposition 16. IH this implies 

W{nj2) = limIV(7r„ji7r„) iy(7r„j27r„,) = W{n)W{j2), 

whence the assertion. ■ 

Corollary 6.14 The mapping W is bounded on all of S^. 

Proof. Let (An) + Gn ^ Sn- In accordance with (l58l) . we write this coset as 

(AO + = ((PATnAP^n) + g^) + (( J„) + g^) =:a + j (66) 
with A := s-lim/l„P/vn and j = ( Jn) + ^r? ^ >Jn- Then 

||a|| = \\{Pr,nAP,,n)+gj < \\A\\ < \\{A^)+gj, 

i.e., the first summand in (166|) depends continuously on (An) + grj- From ||a|| < 
II a + j|| we obtain ||j|| < ||a + j|| + ||a|| < 2 ||a + j||, whence 

||W?(a + j)|| < \\W{a)\\ + ||W^(j)|| < ||a|| + ||j|| < 3 ||a + j|| 
due to Proposition 16.101 and Corollary I6.12[ ■ 

Proposition 6.15 The mapping W is a *- homomorphism from Sn into T^. 

Proof. It is sufficient to verify that W is multiplicative o\i Sn- We start with 
showing a partial multiplicativity result, 

W{aTik) = W{a)Uk for each a G Sn- (67) 

Indeed, the matrix representation of Wlank) is 



i,j>0 

38 



and the underbraced expression equals 

T^kisoYie-pi) = {e-pk){soy{e-pi) 

= {e-pk){pj -Pj+i){s*y 

a k<j 

{Pj - Pj+1 -Pk+ PkPj+i){s*oy if k> j 
if k<j 

(Pj - Pj+i)is*oy if k>j 

if A; < J 

{s*y{e-pi) if k>j 

whence the assertion fl671) . For the proof of the general assertion, let a, b E S^. 
Since vTfc G J'n for every k by Proposition 14.21 and W is multiplicative on JTat, we 
get _ _ 

for all k,m>0. By ([67D, 



PF(a7r^67rfc) = W{a)UrnW{b)U,. 

For m ^ oo we have aTTmbnk abiik by Lemma 14.41 (recall that vr^ G J^n) and 
— > / strongly. Thus, due to the continuity of W, 

WiabTTk) = W{a)W{b)Uk. 

Invoking (1671) again and letting k tend to infinity, we arrive at the assertion. ■ 
We prepare the proof of the next proposition by a simple lemma. 

Lemma 6.16 Every coset in (e — pi)SN{e — pi) can be written in the form (e — 
Pi)c(e — pi) with c = (P/v"C'-P/V")n>o + Sri with C E O 



:par 
N ■ 



Proof. The assertion holds for cosets of the form (e — (e — pi) with multi- 

indices r, t of the same length. Indeed, it follows immediately from the identities 
(□TO]) that 

(e - (e - pi) = (e - pi) {{PNnSrStPNr^)n>o + Qn) ~ Pi)- 

Then, by Corollary 16. 3^ the assertion holds for all cosets in a dense subalgebra of 
(e — pi)57v(e — pi). Let now a be an arbitrary element of iStv- Let ((e — pi)a„(e — 
Pi))n>i be a sequence in this dense subalgebra which converges to (e— pi)a(e— pi) 
in the norm. As we have just checked, there are operators An G O^^^ such that 

(e - pi)a„(e - pi) = {PN^-AnPw^)n>0 + ^r,- 
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Applying the homomorphism Wqq to both sides of this equahty we obtain 

W^oo((e - Pi)an{e - Pi)) = 

for every n. Since the sequence ((e— pi)a„(e— pi))„>i converges, (A^) is a Cauchy 
sequence. But then is a Cauchy sequence; hence, convergent, too. Let A 
denote its hmit. Then A G and, clearly, {e—pi)a{e — pi) = (P/v"^-P/V")n>o + 

Proposition 6.17 The mapping W is injective on J'jy. 
Proof. The assertion will follow once we have shown that 

W is injective on 'WnJNT^n for every n>l. (68) 

Indeed, let ( 168|) be satisfied, and let j G Jn be an element with W{i) =0. Then 
n„iy(j)n„ = for every n. By (EZ]), this implies Vr(7r„j7r„) = for every n. 
From fl68l) we infer that TTnjT^n = for every n. Passage to the limit n ^ oo 
yields j = 0, which implies the desired injectivity. 
Further, fl68|l will follow once we have shown that 

W is injective on niJ^'^i = (e — pi)JN{,e — pi). (69) 

Indeed, let ( l69l) be satisfied, and let j G J'n be such that 

W{TinjT^n) = U^W {j)Un = for somc n > 0. 

Then 

(^^_i)^ Wooiie - p,)sljisl)'ie - pi)) S'^^, = 

for a\\ i, k < n — 1. Multiplication by S}^_i from the left and by (S'^^j)^ from 
the right-hand side yields 

S'N^i{S%^,y W^oo((e - Pi)soj{s*)'{e - pO) S'^^.iS*^^,)' = (70) 

for k < n — 1. Because of 

S'N^iiS^^iY = W^oo((e - Pi)sl{s*y{e - pO) 

and by the multiplicativity of Wqq on (e —Pi)Jn{^ ^ Pi), "we conclude from (I7D1) 
that 

W^oo((e - Pi)4(3S)^(e - Pi)^?,j(^S)'(e - Pi)^o'(^o)'(e - Pi)) = 0. 

Since 

(e - pi)s^(s*)^(e - pi) = (e - Pi)4(so)', 
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this finally implies that 

Woo{{e - p,)s\,j{sl)\e - p,)) = iit,k<n-l. 
Via assumption (!69|) . this gives 

(e-Pi)s^j(sS)'(e-Pi) = iit,k<n-l (71) 

(note that 

_ /Woo{{e-pMe-Pi)) .. 

^^((e-pi)r(e-pi)) = .. 

for every element r of JTat, which implies that Wqq is injective whenever fl69l) 
holds). Multiplying fl70|) from the left by (sq)* and by Sq from the right-hand side 
and taking into account that (sQ)*(e — Pi)sq = pi — pi^i we obtain 

{pi - pi+i)j{pk - Pk+i) = lii, k <n-l. 

Summation over 0<'i, /c<n — 1 gives 'Knj'^n = 0, whence the injectivity of W 
on tt^JnT^u- _ 

It remains to prove (!69|) . Let j G iTiv and Vr((e— pi)j(e— pi)) = 0. Employing 
Lemma [6. 161 we can write (e — pi)j{e — pi) as 

(e - pi) ((P^nCP;v")n>o + Qv) (e " Pi) with C G CT- 
Consequently, 

= Woo{{e-pi)j{e-pi)) = <l>o(C«) = C« 

since $ is an expectation from On onto and C belongs to the latter subal- 
gebra. Thus, C = 0, which implies that (e — pi)j{e — pi). The injectivity of W 

on TTiJTArTTi follows. ■ 

Now we can finish the proof of Theorem 16.81 as follows. The mapping W is an 
injective *-homomorphism on jTjv as we have just seen. Hence, by Corollary 14. 9[ 
W is an injective *-homomorphism on S^- The range of this homomorphism 
contains the generating operators S^. of 7/v; thus, W maps Sjy onto Tjy. Since W 
maps the generating element e —pi of the ideal JTat to the generating element Hi 
of Cat, it is further clear that W maps J'^ onto Cjy. ■ 

6.4 Some consequences of Theorem 16.81 

Stability. The assertion of Theorem 16.81 is equivalent to the following stability 
criterion. 
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Theorem 6.18 A sequence A = (An) in Sjj^On) is stable if and only if the 
operator W{A + is invertible. 

Specifying this resuh to finite sections sequences for operators in the Cuntz al- 
gebra yields 

Corollary 6.19 Let A G O^. Then the sequence (P/vny4P/v»i)„>o is stable if and 
only if the (stratified) ToepUtz operator = T(/^b) G L(f{Z+,l'^{Z+))) is 

invertible. 

Proof. Set a := {PNnAPNn)n>o + Qr^. We have to show that W{a) = "^{A^). If 
^ is a product SiS^ with multi-indices / and m, then this equality follows from 
(113|) and (!57|) by noting that the latter implies 

due to the homomorphy of W and that 

with A defined by (H2|l . The general case follows from this partial result since the 
products SiS^ span a dense subalgebra of Cat. ■ 



Practality. The following is certainly the most important consequence of The- 
orem 16.81 It can also serve as a perfect illustration to Theorem J2.4[ The proof 
will follow directly from the special form of the homomorphism W. 

Corollary 6.20 The algebra Srj{Oi\f) is fractal. 

Proof. Recall that the entries of the matrix operator W{{An)+Gn) are defined by 
strong limits. Consequently, if only an (infinite) subsequence of (An) is known, 
one can nevertheless determine the operator W{{An) + Gn) G '^n- Since W : 
Sn ^ T/v is an isomorphism one can, thus, reconstruct the coset of {An) modulo 
Qrj from each subsequence of (An). m 

Spectral approximation. As already mentioned, sequences in fractal algebras 
are distinguished by their excellent convergence properties. To mention only a 
few of them, let a{a) denote the spectrum of an element a of a C*-algebra with 
identity element e, write o"2(a) for the set of the singular values of a, i.e., o"2(a) 
is the set of all non-negative square roots of elements in the spectrum of a*a and 
finally, for e > 0, let a^'^\a) refer to the £-pseudospectrum of a, i.e. to the set of 
all A e C for which a — Ae is not invertible or ||(a — Ae)~^|| > 1/e. Let further 

dniM, N) := max {max min \m — n\, max min \m — n\} 

denote the Hausdorff distance between the non-empty compact subsets M and 
of the complex plane. 
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Theorem 6.21 Let (An) be a sequence in Stj^On) and set a := (An) + Grf Then 
the following set-sequences converge with respect to the Hausdorff distance as 
n oo: 

(a) (t(v4„) — > a{W{a)) if a is self-adjoint; 

(b) a2{Ar.)^a2{W{a}); 

(c) a(^)(A„)^a(^)(W^(o)). 

The proof fohows immediately from the stabihty criterion in Theorem 16.81 above 
and from Theorems 3.20, 3.23 and 3.33 in [H]. Let us emphasize that in general 
one cannot remove the assumption a = a* in assertion (a), whereas (c) holds 
without any assumption. This observation is only one reason for the present 
increasing interest in pseudospectra. For detailed presentations of pseudospectra 
and their applications as well as of other spectral quantities see the monographs 
[2], [3l [HI [T7j and the references therein. 

Compactness and Fredholm properties. Recall the definition of the algebra 
JF of all bounded sequences of matrices and of its ideal /C ideal of the compact 
sequences from Section [331 and let JF^ and /C^ denote the corresponding restricted 
algebras. 

Proposition 6.22 The only compact sequences in Sr^{Oi\f) are the sequences in 

Gr,- 

Proof. By Corollary 16. 9^ J'n is the only non-trivial closed ideal of S^. Thus, the 
intersection H (JCri/Qri) is either S^, J'n, or {0}. Since already J'n contains 
cosets of non-compact sequences (e.g., the coset e — pi), the assertion follows. ■ 

Corollary 6.23 Every Fredholm sequence in S^^^On) is stable. 

The Fredholm property of a sequence (An) of matrices can be expressed in terms 
of the singular values of the An- To specify this remark to sequences (An) G 
Sr^iO^), let 

< < S2(A„) < . . . < SN«{An) = \\AJ (72) 

be the decreasingly ordered sequence of the singular values of An. The following is 
then an immediate consequence of Corollary 6.14 in [H]. Note that the condition 
of essential fractality, which is assumed in Corollary 6.14, is evidently satisfied in 
the present context. 

Proposition 6.24 Let (An) G Srf{ON)- If the sequence {An) is stable, then 
the sequence (si(A„)) is bounded below from zero by a positive constant. If the 
sequence (A„) fails to be stable, then 

lim Sk{An) = for each k > 1. 
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An open question. In [9] there are considered discretizations by the finite 
sections method of several concrete algebras A of operators on /^(Z"^). In all 
cases, we observed that the associated quasicommutator ideal J^{A) is a direct 
(or cq— ) sum of elementary ideals (i.e. ideals which are isomorphic to the ideal of 
the compact operators on a Hilbert space). Above we have seen that the ideal J'n 
is isomorphic to and, hence, to a corner of a tensor product of an AF-algebra 
by K{1'^{7j'^)). Is this the archetypal picture of a fractal irreducible ideal in JF? 



7 Spatial discretization of the extended Cuntz 
algebra 

Here we consider the smallest C*-subalgebra (9^* of L(/^(Z"'")) which contains the 
(concrete) Cuntz algebra On and the ideal -ft'(/^(Z"'")) of the compact operators. 
We let 5^(0^*) denote the smallest C*-subalgebra of the sequence algebra J^ri 
which contains all finite sections sequences (PArny4Pjv")n>o of operators A G (9^* 
and set S'^^ := Sr^{0^j^^)/gn. Further, let 



Proposition 7.1 The set J7^°™^ is a closed ideal of S'f^^ , and every coset a G 
can he uniquely written as b + k with b & Sn and k G JT"™™^. 

Proof. It is evident from the above definitions that JT^"*"^ is contained in 5^*, 
and it is easy to see that J7^°"*^ is a closed ideal of (compare the proof 
of Theorem 1.19 in [9]). Since every sequence (P/vn-ft'P/v")n>o with a compact 
operator K is compact, one has J'^^^ C K^nlQ-r,- From Proposition 16.221 we thus 
conclude that iS^* fl J'^^^ is the zero ideal, whence the assertion. ■ 

We let W be the mapping which associates with every sequence in (S^((9|^*) its 
strong limit. Clearly, is a *-homomorphism which has the ideal in its kernel. 
Thus, the quotient homomorphism 

5^^'* ^ L(/2(Z+)), (A„)„>o + l^((A„)„>o) 

is correctly defined; wejienote it by W again. Further we extend the definition 
of the homomorphism W from Sj<s to the extended algebra iS^* by writing every 
element a of as 6 + A; with b and k as in Proposition 17. II and setting W[a) : = 
Wih). It is easy to check that TV is a *-homomorphism on the extended algebra 
iS^*. Note that J7iv is in the kernel of W and JT^"™^ is in the kernel of (the 
extended) W . 
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Remark 7.2 One can alsoj;ive an explicit definition of tlie extended liomomor- 
pliism W. For, recall tliat W is defined on via the homomorphism Wqq which 
on its hand is defined on cosets (Pn^-APn^) + Qn with A G by the strong 
hmit 

s-hm 

(compare (!55|) ). It is easy to check that this hmit exists as weh if A is a compact 
operator, in which case this limit is zero. ■ 

Theorem 7.3 A sequence A = G SrjiO'^^) is stable if and only if the 

operators W{A + Q^i) o,nd W{A + are invertible. 

Proof. It is evident that the stability of A implies the invertibility of W{A-\-Qri) 
and H^(A + ^^). Conversely, assume that these operators are invertible for a 
sequence A G Set a := A + Q^] and write a as b + k with b and k 

as in Proposition 17.11 Then W{b) = W{a) is invertible, whence the invertibility 
of b by Theorem 16.181 Thus, the sequence A is the sum of a stable sequence 
and of a sequence of the form {P^nKPisin) with a compact operator K. Now the 
assertion follows immediately from a general result on compact perturbations; 
see Corollary 1.22 in [H]. ■ 

The following is an immediate consequence of this stability result and of Theorem 
1.69 in [9]. Note that the homomorphisms W and W are fractal in the sense of 
Definition 1.62 in [S]. This fact is evident for W, and it has been checked in the 
proof of Corollary 16.201 for W. 

Corollary 7.4 The algebra Sri{0'^^) is fractal. 

As above, fractality has striking consequences for the asymptotic behavior of 
some spectral quantities. 

Theorem 7.5 Let (A^) be a sequence in Sj^{0^j^^) and set a := +Qrf Then 
the following set-sequences converge with respect to the Hausdorff distance as 
n ^ oo: 

(a) <j{An) — > a(W{a)) U a(W{a)) if a is self-adjoint; 

(b) (T2(A„) ^ a2{W{a)) U a2{W{a)); 

(c) a^'^An) a^'\W{a)) U a^'^{W{a)). 

Finally we consider the Fredholm properties of sequences in Sr,{0^^^). We use 
the notation fl721) for the singular values. 

Theorem 7.6 Let {An) be a sequence in Sr,{0'^^^) and set a := {A^) + Qr^. 

(a) The sequence {An) is Fredholm if and only if the operator W{a) is invertible. 
In this case, the operator W{a) is Fredholm. 
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(6) Let (An) be a Fredholm sequence and k := dimker Vr(a). Then 

lim ak{An) = and liminf > 0. (73) 

n— >oo n— >oo 

Proof. For assertion (a) , write a as b + k with b and /c as in Proposition 17.11 
If a is invertible modulo J'^"^^, then b is invertible modulo J'^^^\ hence b is 
invertible due to Corollary 16.231 Thus, W{a) = W{b) is invertible. Conversely, 
if W{a) is invertible, then W{b) is invertible, whence the invertibility of b via 
Theorem 16.181 But then b + k = a is Fredholm. 

Assertion (b) can be derived from Theorem 6.12 in [9]. But note that the 
assumption of a standard algebra which is made in [9] is not satisfied in the 
present context. A look at the proof of 6.12 in [9] shows that this assumption is 
not really needed. A short direct proof is in [16]. ■ 



8 Appendix 

The algebra JF of all bounded sequences of matrices is an algebra with polar 
decomposition in the following sense: A C*-algebra A has the polar decomposition 
property if every element a of ^ can be written a.s a = ru with a unitary element 
u E A and a positive element r E A. It is well-known from Linear Algebra that 
every matrix A G C"^*^ admits a polar decomposition. Thus, C"^" owns the 
polar decomposition property, and so does the algebra JF and each quotient of JF. 

If ^ is a unital C*-algebra with polar decomposition property, then every 
element of A which is invertible from one side is invertible from both sides. 
Indeed, let 6 G ^ be a left inverse of a G .4, and write a a.s a = ru. From 
ba = bru = e we get br = u* and ubr = e. Hence, r is invertible from the left- 
hand side. Taking adjoints in ubr = e we get the invertibility of r from the right. 
Thus, r is invertible, and so is a. In particular, every isometry in an algebra with 
polar decomposition is unitary. 

Corollary 8.1 Algebras with polar decomposition cannot contain Cuntz algebras 
On with N >2 as subalgebras. 

Indeed, let ^ be a C*-algebra with polar decomposition, let > 2, and assume 
there are isometrics Sq, . . . , stv-i G A with sqSq -|- . . . -|- SAr_iS^_]^ = e. Then the 
Si are unitaries, whence SiS* = e for every i. Substituting SiS* = e in the Cuntz 
axiom gives A^e = e, a contradiction. 

Corollary 8.2 For N > 2, there are no proper closed ideal J oj T and no 
sequences {Sn^)n>i, ■ ■ ■ , (5"!^ ^'*)n>i i'n -F such that 

e J for all I (74) 

and 

{s^\s^^r + ... + sjf-'\si^-'^r - /„,) G J. (75) 
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This argument does not work if we replace JF by a subalgebra, B say, since the 
factors of the polar decomposition need not belong to B. 

Note that, in contrast to Cuntz algebras, the Toeplitz algebra T{C), which is 
the universal algebra generated by one isometry, can be embedded in a quotient of 
JF. Indeed, let S{T{C)) stand for smallest closed subalgebra of JF which contains 
all sequences (P„y4P„) of finite sections of operators A G T[C). One can show 
(see Theorem 1.53 in [9] for instance) that every sequence {A^) in S{T{C)) can 
be uniquely written as 

= (P„T(/)P„) + (P„KP„) + [RnLRn) + 

where T(/) is a Toeplitz operator with continuous generating function /, K and 
L are compact operators, and (Gn) is a sequence tending to zero in the norm 
(recall the definition of the operators Rn at the beginning of Section [62]) . It is 
not hard to check that the set 

J := {(RnLRn) + (G„) : K compact, ^ 0} 

forms a closed ideal of S{T{C)) and that the quotient S{T{C))/ J is isomorphic 
to T{C). In particular, S{T{C)) / J contains (and is generated by) the non- 
unitary isometry (P„yP„) + J where V is the forward shift operator on /^(Z+). 
Note that J is contained in the ideal /C of the compact sequences of defined 
in Section [231 
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